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Quantum weak measurement, measuring some observable quantities within the selected subensemble of the
entire quantum ensemble, can produce many interesting results such as the superluminal phenomena. An out-
come of such a measurement is the weak value which has been applied to amplify some weak signals of quantum
interactions in lots of previous references. Here, we apply the weak measurement to the system of relativistic
cold atoms. According to mass-energy equivalence, the internal energy of an atom will contribute its rest mass
and consequently the external momentum of center of mass. This implies a weak coupling between the internal
and external degrees of freedom of atoms moving in the free space. After a duration of this coupling, a weak
value can be obtained by post-selecting an internal state of atoms. We show that, the weak value can change the
momentum uncertainty of atoms and consequently help us to experimentally measure the weak effects arising
from mass-energy equivalence.
I. INTRODUCTION
Almost 30 years ago, Aharonov, Albert, and Vaidman in-
troduced the theory of quantum weak measurement [1]. This
measurement has a key feature: after a weak coupling be-
tween the quantum systems, the relevant observable quantities
are measured in some post-selected subensembles. An out-
come of weak measurements is the so-called weak value, Aw,
which is a complex number and depends on the post-selected
state [2–4]. Physically, the pure state of a quantum system will
be destroyed by the postselection and then becomes a mixed
state which is constituted by two pure states. Selecting out one
of the pure states to be measured, some new phenomena ap-
pear because the selected wave function is very different from
the original one (before the postselection). The postselection
is actually a physical operation applied on the quantum state,
so that the weak measurement can be regarded as a quantum
coherent operation plus a classical selection (filtering). Hence,
the weak measurement is indeed different from the usual mea-
surement in physics.
Recently, in refs. [5–17], novel phenomena within the weak
measurements were reported, such as the spin Hall effect of
light [9], the Cheshire cat [10–12], and the superluminal phe-
nomena [13–16]. Remarkably, lots of studies have shown that
the weak measurements can be utilized to implement signal
amplifications [18–26]. Most of these references use a laser
to realize the desired weak measurements [27]. The neces-
sary quantum interaction for weak value gain was realized
via the crystal-induced coupling between the polarization and
momentum of lights. Similar to the lights, the matter wave
should be also applicable for realizing the desired weak mea-
surements. Recently, this was demonstrated in neutron inter-
ferometry [28]. In such an experiment, an external magnetic
field was applied to generate the spin-orbit coupling of neu-
tron, and the weak value was obtained by post-selecting a spin
state.
Here, we propose using weak value to test mass-energy
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equivalence in the system of coherent atoms. Usually, the
mass m in the Schro¨dinger or Dirac equation is treated as a
constant quality. However, the mass-energy equivalence says
that the internal energy of a particle will contribute its rest
mass [29]. Hence, the qualitym is no longer a constant but de-
pends on the particle’s internal energies. This implies a weak
coupling between the internal and external degrees of free-
dom of particles [30–34]. The potential coupling cannot be
explained by the usual notation of time-dilation [35–38] be-
cause the rest-mass is now regarded as a quantum mechanics
operator (for the internal superposition states). A recent inter-
esting article [32] showed that the coupling due to the mass-
energy equivalence is perhaps an universal decoherence for
quantum systems in the gravitational field. As mentioned in
Ref. [30], measuring the possible dynamic coupling induced
by mass-energy equivalence is still a challenge in experiments
due to its very weak interacting strength. Here, we design a
weak measurement setup for observing the predicted effects
of mass-energy equivalence. We consider a two-level atom
whose internal qubit and external center-of-mass (c.m.) mo-
tion are coupled naturally due to the mass-energy equivalence.
Based on this coupling, the weak value is obtained by post-
selecting the atomic internal state. We show that the present
weak value could offer some certain advantages for experi-
mentally detecting the ultraweak coupling induced by mass-
energy equivalence.
This article is organized as follows. In Sec. II, we briefly
review the basic principles and the usefulness of quantum
weak measurements. In Sec. III, we analyze the mass-energy-
equivalence-induced coupling between the internal and exter-
nal degrees of freedom of a two-level atom. Based on this cou-
pling, the complex weak value is obtained by post-selecting a
proper internal state of atom. Considering the practical atomic
system is in an earth-based laboratory, the gravitational effect
is also studied. In Sec. IV, we use the atomic Kapitza-Dirac
(KD) scattering to prepare the coherent atoms with large mo-
mentum uncertainty [39]. Such a light-induced scattering of
atoms is further utilized to realize the desired postselection of
atomic internal states. Finally, we present our conclusions in
Sec. V.
2II. THE BASIC PRINCIPLES FOR QUANTUM WEAK
MEASUREMENTS
Consider two interacting quantum systems, namely Alice
and Bob, with the coupling Hamiltonian Hˆ = ~g0AˆBˆ. Here,
~ is the Planck constant divided by 2pi. Aˆ and Bˆ are the opera-
tors that change respectively Alice and Bob’s states. The cou-
pling strength between the two quantum systems is g0. After
an interaction of duration t, the final state of the total system
can be approximately written as
|ψ〉 = e−iHˆt~ |Ai〉|Bi〉 ≈ |Ai〉|Bi〉 − igAˆBˆ|Ai〉|Bi〉 (1)
under the weak interaction limit g = g0t→ 0. Here, |Ai〉 and
|Bi〉 are respectively the initial states of Alice and Bob, and
the high orders of g have been neglected. Considering Alice as
a two-level system and then using its two orthonormal states
|As〉 and |Ad〉, the state (1) can be expanded by
|ψ〉 = (〈As|Ai〉)|As〉|Bs〉+ (〈Ad|Ai〉)|Ad〉|Bd〉 (2)
with the unnormalized wave functions |Bs〉 ≈ (1 −
igAwBˆ)|Bi〉 and |Bd〉 ≈ (1 − igAwBˆ)|Bi〉. Here, Aw =
〈As|Aˆ|Ai〉/〈As|Ai〉 and Aw = 〈Ad|Aˆ|Ai〉/〈Ad|Ai〉 are the
weak values. Numerically, when 〈As|Ai〉 → 0, we have
|Aw| → ∞ and |Aw| → 〈Ai|Aˆ|Ai〉.
In weak measurement, the observable qualities of Bob are
measured in the post-selected subensemble of Alice’s state
|As〉, and the relevant results are given by the following equa-
tion
〈Mˆ〉 = 〈Bs|Mˆ |Bs〉〈Bs|Bs〉 ≈ 〈Bi|Mˆ |Bi〉+ 2gIm (AwMB) , (3)
with
MB = 〈Bi|MˆBˆ|Bi〉 − 〈Bi|Mˆ |Bi〉〈Bi|Bˆ|Bi〉 . (4)
Above, Mˆ is a Hermitian operator of Bob. It can be seen that
the g-induced effect is proportional to the imaginary part of
AwMB . This indicates that the weak value can amplify the
g-effect, significantly, with |Aw| → ∞. It can be also found
that, the Eq. (3) withAw = 〈Ai|Aˆ|Ai〉 just describes the usual
results without the postselection. On quantum weak measure-
ments, it is worth emphasizing the following two points:
(i) The result 〈Mˆ〉 is obtained in the post-selected
subensemble, it is not the conjoint-measurement Pˆ =
Mˆ |As〉〈As| performed in the entire ensemble, i.e., 〈Mˆ〉 6=
〈ψ|Pˆ |ψ〉.
(ii) The observable quality Mˆ can be generalized to be
Mˆ ′ = Uˆ †2MˆUˆ2. That is, one can perform any further op-
erations, namely Uˆ2, on the selected state |Bs〉 and then
measure the observable quality Mˆ . The final result is
〈Bs|Uˆ †2MˆUˆ2|Bs〉/〈Bs|Bs〉.
The only drawback of weak-value amplification is that the
probability Ps ≈ |〈As|Ai〉|2 for successfully post-selecting
|As〉 decreased with the increasing of |Aw|. Hence, the weak-
value amplification is applicable just for the quantum system
which includes large numbers of microscopic particles. Ser-
val recent papers show weak-value amplification offering no
fundamental metrological advantage due to the necessarily re-
duced probability of successful postselection [40–42]. Aim-
ing at the practical experimental systems, some studies show
that the weak measurement can still improve the precision of
parameter estimation due to the detector saturation [43] or
some other systematic errors [44]. Alternatively, the advan-
tage of weak-value amplification can be simply explained by
the following equation:
I = NPs〈Mˆ〉+NPsEsystem + Erandom . (5)
Here, I is the experimental signal of observable quality 〈Mˆ〉.
This signal is proportional to the number NPs of success-
fully post-selected particles (with N being the total number
of prepared particles). In practical experiments, the system
error NPsEsystem and the random error Erandom will both
contribute to the outcome I [45]. Certainly, the random error
Erandom can be overcome by increasing the number of parti-
cles, i.e., NPs〈Mˆ〉 ≫ Erandom. However, the system error
cannot be eliminated by increasing the particles input as it is
proportional to NPs. Hence, the weak value amplification,
i.e., 〈Mˆ〉 ≫ Esystem, could be useful for suppressing the sys-
tem errors (when the random errors are negligible).
As pointed out in the previous references, e.g.,Ref. [3], the
imaginary part Aiw of the weak value could be more use-
ful than its real part Arw. It can be also seen from Eq. (3),
when MB = Re, that the standard measurement (with Aw =
〈Ai|Aˆ|Ai〉 = Re) does not work for measuring the parameter
g. This implies that the imaginary weak values could reveal
some new effects of g. In the following sections, we show that
the imaginary weak value can change the momentum uncer-
tainty of an atom moving in the free space.
III. THE MASS-ENERGY-EQUIVALENCE-INDUCED
WEAK VALUES
A. The dynamic evolution of a falling atom
We consider only two internal states of an atom, namely,
the ground state |g〉 and the excited state |e〉. The ground and
excited states describe the different internal energies, i.e., Eg
and Ee = Eg + ~ω, respectively. Here, ω is the transition
frequency between the two internal levels. According to mass-
energy equivalence, the atom has different rest mass for |g〉
and |e〉, i.e., mg = Eg/c2 and me = mg + ~ω/c2, with c
being the speed of light in vacuum. Together with the external
c.m. motion, the total-energy of the atom can be expressed as
H =
√
c2p2 + (mg +mc)2c4
≈ (mg +mc)c2 + p
2
2(mg +mc)
≈ mgc2 + p
2
2mg
+mc(c
2 − p
2
2m2g
) ,
(6)
3with mc = 0 (for the ground state) or mc = ~ω/c2 (for the
excited state). Here, H is a classical Hamiltonian, p2 = p2x +
p2y+p
2
z is the vector product of three dimensional momentum,
and the terms relating to the high orders of p2/(mgc+mcc)2
and mc/mg have been neglected for simplification [31].
In quantum mechanics, the atom is described by a co-
herent superposition of the two internal states, i.e., |Ai〉 =
α|g〉 + β|e〉, with the probability-amplitudes α and β. Thus,
the internal-state-dependent Hamiltonian should be the fol-
lowing operator,
Hˆ = (mgc
2 +
pˆ2
2mg
)1ˆ + ~ω[1− pˆ
2
2(mgc)2
]|e〉〈e| , (7)
with 1ˆ = |g〉〈g| + |e〉〈e| and pˆ2 = pˆ2x + pˆ2y + pˆ2z . Therefore,
the results of measurements 〈g|Hˆ|g〉 and 〈e|Hˆ |e〉 can satisfy
the classical ones of Eq. (6). By neglecting the term mgc21ˆ
(which does not generate any effects in the present work), the
Hamiltonian (7) reduces to
Hˆ = ~ω|e〉〈e|+
(
1− ~ω|e〉〈e|
mc2
)
pˆ2
2m
. (8)
Here, we denote mg by m for short (as it is frequently used
in what follows). Obviously, the coupling |e〉〈e|pˆ2 induced by
mass-energy equivalence depends basically on the parameter
g0 =
~ω
mc2
, (9)
i.e., a ratio between the energy of a photon and the rest energy
of an atom (in the ground state). Such a ratio is very small, so
the relevant interactions are negligible in the usual systems.
For example, g0 ≈ 8 × 10−12 for the calcium atom, with
mass m ≈ 6.7× 10−26 Kg and the selected optical transition
frequency ω ≈ 4.6 × 1014 Hz. In the following, we suggest
using the weak value to measure such an ultrasmall parameter.
Note that the gravity effect of neutral atoms is significant in
the earth-based laboratory. Therefore, the above Hamiltonian
should be generalized to be
Hˆ = ~ω|e〉〈e|+ (1− g0|e〉〈e|) pˆ
2
2m
+ (1 + g0|e〉〈e|)mg¯zˆ .
(10)
Here, the last term is due to the gravitational potential of the
atom, and g¯ is the magnitude of gravitational acceleration on
earth. The coupling of |e〉〈e|zˆ is due to the so-called Einstein’s
weak equivalence principle, i.e., the internal energy ~ω will
also contribute the gravitational potentials to atom. In fact, the
Hamiltonian (10) describes a falling object with the different
rest-masses which are internal-state dependent. The different
rest masses (or say the different objects) will lead to the differ-
ent diffraction patterns in the process of falling [46, 47]. Some
more detailed studies on gravity-induced coupling can be seen
in Refs. [30–33]. In this work, we do not measure the gravity
effects. However, the relevant studies on Hamiltonian (10) are
necessary, because our suggested measurements for coupling
|e〉〈e|pˆ2 are implemented in the earth-based laboratory.
In terms of g0 couplings, we rewrite Hamiltonian (10) as
Hˆ = Hˆ0 − g0Hˆrc − g0Hˆzc , (11)
with a decoupled Hamiltonian
Hˆ0 = ~ω|e〉〈e|+ pˆ
2
2m
+mg¯zˆ . (12)
This Hamiltonian is well known, describing a falling atom
without any couplings. The last two terms in Eq. (11) describe
the g0 couplings, by the horizontal directional Hamiltonian
Hˆrc =
pˆ2x + pˆ
2
y
2m
|e〉〈e| (13)
and the vertical Hamiltonian
Hˆzc =
(
pˆ2z
2m
−mg¯zˆ
)
|e〉〈e| . (14)
Using Hamiltonian (11), the Schro¨dinger equation
i~∂t|ψ〉 = Hˆ |ψ〉 can be rewritten as i~∂t|ψ′〉 = Hˆint|ψ′〉
with an interacting Hamiltonian of
Hˆint = −g0e
iHˆ0t
~ (Hˆrc + Hˆzc)e
−iHˆ0t
~ . (15)
Above, |ψ〉 = exp (−iHˆ0t/~)|ψ′〉 is the time-dependent
state of atom, and |ψ′〉, the atom’s state in the interacting
picture, will be resolved by the Schro¨dinger equation with
Hamiltonian (15). We note that, the unitary transformation
Uˆ0 = exp (−iHˆ0t/~) does not generate coupling between the
atomic internal and external degrees of freedom, and there-
fore the key question is to solve the state |ψ′〉. Indeed, to
give an exactly resolved-result of |ψ′〉 is rather difficult due to
the presence of gravitational potentials in Hˆ0 and Hˆzc. How-
ever, the question can be greatly simplified if one use the weak
measurement theory, i.e., considering only the effects from the
linear g0.
According to the commutation relation [Hˆ0, Hˆrc] = 0,
Eq. (15) reduces to
Hˆint = −g0Hˆrc − g0e
iHˆ0t
~ Hˆzce
−iHˆ0t
~ , (16)
and where the last term can be expanded by the well-known
form of
e
iHˆ0t
~ Hˆzce
−iHˆ0t
~ = Hˆzc +
it
~
[Hˆ0, Hˆzc]
+
1
2!
(
it
~
)2
[Hˆ0, [Hˆ0, Hˆzc]] + · · ·
= Hˆzc − g¯t (2pˆz −mg¯t) |e〉〈e|
= Hˆ ′zc .
(17)
Consequently, the interacting Hamiltonian (16) reads Hˆint =
−g0(Hˆrc + Hˆ ′zc), with a time-dependent Hamiltonian Hˆ ′zc in
the z direction.
Using the Dyson evolution operator
Uˆ =1 +
−i
~
∫ t
0
Hˆintdt1
+
(−i
~
)2 ∫ t
0
Hˆint
∫ t1
0
Hˆintdt2dt1 + · · · ,
(18)
4we have the time-dependent state
|ψ′〉 = Uˆ |ψi〉
=
[
1 +
ig0
~
(
Hˆrct+
∫ t
0
Hˆ ′zcdt1
)
+ o(g20)
]
|ψi〉 .
(19)
Here, the high orders of Hˆint (i.e, the high orders of g0) have
been neglected. |ψi〉 = |i〉|Ai〉 is the initial state of the atom,
with the internal |Ai〉 and the external |i〉 = |φx〉|φy〉|φz〉.
Transforming back to the Schro¨dinger picture, the state reads
|ψ〉 = Uˆ0|ψ′〉 = Uˆ0
[
1 +
ig0t
~
Hˆeff |e〉〈e|+ o(g20)
]
|ψi〉,
(20)
with
Hˆeff =
pˆ2
2m
− Gˆ , (21)
and where Gˆ = mg¯zˆ + pˆz g¯t − m(g¯t)2/3. These equations
indicate that the kinetic energy and the gravitational potential
of atom will both contribute the entanglement between the in-
ternal and external degrees of freedom. However, there is no
directly coupling (such as pˆ2xzˆ and pˆ2xpˆz) between the exter-
nal c.m. motions for the linear g0. This greatly simplifies our
calculation.
B. The weak values due to the postselection of atomic internal
states
Based on the entangled state (20), we post-select an internal
state |As〉; then the external motion collapses on the state of
an unnormalized form of
|f〉 = 〈As|ψ〉
=
[
〈As|Uˆ0|Ai〉+ ig0t
~
〈As|Uˆ0|e〉〈e|Ai〉Hˆeff + o(g20)
]
|i〉
= 〈As|A′i〉Vˆt
[
1 +
iAwg0t
~
Hˆeff + o(g
2
0)
]
|i〉
= 〈As|A′i〉Vˆt
[
1 +
iAwg0t
2m~
(pˆ2 − 2mGˆ) + o(g20)
]
|i〉 .
(22)
Here,
Aw =
〈As|e〉〈e|A′i〉
〈As|A′i〉
(23)
is our weak value, with |A′i〉 = exp(−iωt|e〉〈e|)|Ai〉. The op-
erator Vˆt = exp{−i[pˆ2/(2m) +mg¯zˆ]t/~} describes the free
evolution of atomic external motions in duration t. The first
result from the g0 couplings can be found in the postselection
probability,
Ps = |〈As|ψ〉|2
= |〈As|A′i〉|2
[
1− A
i
wg0t
m~
〈i|(pˆ2 − 2mGˆ)|i〉+ o(g20)
]
.
(24)
Such an observable quality depends on the imaginary part of
the weak value, the atomic initial momentum uncertainty, and
the gravitational acceleration g¯. Certainly, Ps can be used to
test the effects of g0.
Note that, the spatial motion of the selected atoms, i.e.,
the state (22), also includes the information of parame-
ter g0. At a glance, we formally write it as |f〉 ≈
Vˆt exp(ig0tAwHˆeff/~)|i〉. Then, the x-directional component
reads
|fx〉 ≈ e
−itr pˆ
2
x
2m~ e
−tipˆ
2
x
2m~ |φx〉 =
∑
px
e
−itrp
2
x
2m~ e
−tip
2
x
2m~ φ(px)|px〉 ,
(25)
with tr = t(1 − g0Arw) and ti = g0tAiw. Here, Arw
and Aiw are respectively the real and imaginary parts of the
weak value. The initial state has been written as |φx〉 =∑
px
φ(px)|px〉 in the momentum Hilbert space, with φ(px)
being the probability-amplitude of finding the momentum
eigenstate |px〉. The presentation (25) clearly shows that, the
real part of the weak value contributes phases to the atomic
momentum eigenstates, while the imaginary part changes the
momentum distribution of atoms. Whether using Eq. (22) or
Eq. (24) to measure g0, the initially large momentum uncer-
tainty should be prepared. In the following section we discuss
the relevant issues.
IV. IMPLEMENTING WEAK MEASUREMENT BASED ON
THE KAPITZA-DIRAC SCATTERING OF ATOMS
A. The state preparation
First, we briefly review the atomic KD scattering. On the
one hand, it can generate the large momentum uncertainty
of atoms (a necessary condition for measuring the coupling
|e〉〈e|pˆ2). On the other hand, the KD scattering can be also
utilized to realize the desired postselection of the atomic inter-
nal state. Note that, the KD scattering has been well studied in
atom optics [39]. It can be regarded as a position-dependent
ac Stark effect of atoms in the standing light wave. Here,
we induce an auxiliary atomic level, namely |a〉, see Fig. 1.
Within the near-resonant regime of transition |g〉 ⇋ |a〉, the
ac Stark effect can be described by a Hamiltonian of Hˆac =
−~Ω sin2(kx)(|a〉〈a|− |g〉〈g|). Where, k is the wave number
of the applied light, Ω = Ω2c/(ωl − ωa) describes the fre-
quency shift between the selected two levels. Ωc is the well-
known resonant Rabi frequency, and ωl − ωa is the detuning
between the light and the transition frequency of |g〉 ⇋ |a〉.
Under the so-called Raman-Nath approximation, the atomic
wave function immediately after the interaction is given
by |KD〉 = exp[−ipˆ2τ/(2m~)] exp(−iHˆacτ/~)|ψ0〉 [48].
Here, τ and |ψ0〉 are the effective interaction time and the ini-
tial state of the system, respectively.
Considering the atomic Gaussian beam incident, the exter-
nal x-directional motion is initially in the state of
|0〉 = c
∫ ∞
−∞
e
−x2
4∆2 |x〉dx = c′
∫ ∞
−∞
e
−p2x
4σ2 |px〉dpx . (26)
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FIG. 1: State-selective scattering of the three-level V-type atoms.
An incident Gaussian beam of atoms is scattered transversely by the
standing wave of light, resulting in a large momentum uncertainty of
spatially coherent atoms. The atomic KD scattering occurs within the
near-resonant regime of optical transition |g〉 ⇋ |a〉. When atoms
are initially in the internal state |e〉, the scattering is negligible. This
provides an effective approach to measure the qubits |g〉 and |e〉 by
observing the external c.m. momenta of atoms.
Here, c = (2pi∆2)−1/4 and c′ = (2piσ2)−1/4 are the normal-
ized coefficients, and |x〉 and |px〉 are respectively the atomic
position and momentum eigenstates. The quantities ∆ and
σ = ~/(2∆) are the atomic position and momentum uncer-
tainty, respectively. Obviously, the large position uncertainty
corresponds to a small momentum uncertainty. If the inter-
nal state of the atoms is initially in the ground state |g〉, the
scattered state reads [48]
|KD〉 = e−iΩτ sin2(kx)|0〉 = eiη cos(2kx)|0〉 . (27)
In short, we have denoted Ωτ/2 = η and neglected the phase
exp[−ipˆ2xτ/(2m~)] exp(−iη). Expanding exp[iη cos(2kx)]
by the Bessel functions Jn(η) of the first kind, the atomic ex-
ternal motion reads
|KD〉 =
∞∑
n=−∞
φ(n)ei2nkx|0〉 , (28)
with φ(n) = inJn(η). Above, the term exp(i2nkx) acts as a
momentum-displacement operator in the x direction, i.e.,
ei2nkx|0〉 = |n〉 = c′
∫ ∞
−∞
e−
(px−2n~k)
2
4σ2 |px〉dpx . (29)
If the initial momentum uncertainty is small, i.e., σ ≪ ~k,
the states {|n〉} can be regarded as the orthonormal basis,
i.e., 〈n′|n〉 = δn′,n (with δn′,n being the Kronecker delta
function). Numerically, considering the atomic position un-
certainty ∆ = 1 µm and the wavelength λ = 0.4 µm of a
visible light, we have ~k/σ = 4pi∆/λ ≈ 31 and 〈0|1〉 =
exp[−(~k)2/(2σ2)] = exp(−480.5). It can be further found
that 〈n′|pˆ2x|n〉 ≈ (2n~k)2δn′,n, such that the momentum un-
certainty of the scattered atoms is calculated as 〈φx|pˆ2x|φx〉 =
(2~k)2ϑ [48–50]. Where, the quantity ϑ = ∑∞−∞ n2J2n can
be directly computed by the numerical method, for example,
ϑ = 50 with η = 10.
The detection of momentum states {|n〉} is similar to that
of the classical particles, by directly observing their distin-
guishable paths. Considering the free diffraction, we replace
Eq. (28) by
|φx〉 = e
−it0 pˆ
2
x
2m~ |KD〉 =
∞∑
n=−∞
φ(n)|n˜〉 . (30)
Here, t0 = τ + τ ′, with τ ′ being the time after the light
driving. For the time-dependent momentum state |n˜〉 =
exp[−it0pˆ2x/(2m~)]|n〉, its wave packet |〈x|n˜〉|2 spreads with
a quantity ∆d = ~t0/(2m∆) which is smaller than the shift
Dn = 4npi~t0/(mλ) of the wave-packet center (because
∆ > λ). Hence, the states {|n˜〉} can be distinguishable
in position space when the time τ ′ is sufficiently long, i.e.,
Dn ≫
√
∆2 +∆2d. The atoms beam in momentum state |n˜〉
can be directly observed by placing a detector at the position
Dn (with a collecting region ∼
√
∆2 +∆2d).
B. The postselection
The desired postselection of internal state |As〉 can be real-
ized by the following two steps. First, we perform a single-
qubit rotation Rˆ = exp[−iθ(|e〉〈g|+ |g〉〈e|)] to the atomic in-
ternal state by the Raman beams. The parameter θ is a control-
lable quantity which is proportional to the power and duration
of the drivings. For simplicity, we assume that the single-qubit
operations do not affect the x-directional c.m. motions. This
can be realized by properly selecting the direction of laser ir-
radiating, e.g., the y direction. Second, we use another laser to
realize the KD scattering of atoms, i.e., the Hamiltonian Hˆac.
Since the effective interaction occurs between the transition
|a〉 ⇌ |g〉, the scattering is state-selective. If the atom is in
state |e〉, there is no KD scattering. However, the atoms in
state |g〉 will be scattered and consequently deviate from their
original trajectory to be detected. Worthy of note is that the
present postselection is similar to that in the original work [1]
by Aharonov et al. There, a Stern-Gerlach device is arranged
to implemented the postselection of electronic spin. It couples
the spin to the orbital motions of the electron. Consequently,
they select an orbital motion to realize the postselection of the
electronic spin state. Here, we use a state-dependent KD scat-
tering to implement the desired postselection of the atomic
internal state. Supposing the total duration of the above two
operations is sufficiently short (i.e., the interaction of g0 in this
stage is negligible), the desired postselection operation 〈g|Rˆ
can be realized. For such a postselection, the weak value reads
Aw =
〈g|Rˆ|e〉〈e|A′i〉
〈g|Rˆ|A′i〉
=
β
β + ieiωtα cot(θ)
(31)
with the initial state |Ai〉 = α|g〉+β|e〉. Obviously, the real or
imaginary part of the above weak value can be nonzero. That
is, the single-qubit operations in state preparation and postse-
lection will change the final results of detection. In particular,
if α = β = 1/
√
2, θ = 3pi/4, and ωt→ (2n−1/2)pi [45], we
have Aiw → ∞. Of course, the relevant qualities such as the
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FIG. 2: A flow chart of weak measurement. The preselection (state
preparation) includes two steps, the KD scattering for atomic external
state preparation and the single-qubit operation for internal superpo-
sition state generation. After a duration of g0 coupling, the postse-
lection is implemented by the other single-qubit operation and KD
scattering. The momentum distribution of the scattered atoms de-
pends on the parameter g0 and the imaginary part of the weak value.
By comparing the intensities of the selected two atomic beams the
parameter g0 could be estimated.
durations of laser pulses should be exactly controlled in ex-
periments, like the well-known Ramsey interferometers [39].
C. The weak-value amplification
The considered weak measurement process is diagrammat-
ically shown in Fig. 2. The atoms undergo the following sev-
eral stages: (a) standing light wave induced KD scattering in
the x direction, (b) single-qubit operation performed by the
y-directional laser beams, (c) the g0 couplings, (d) postselec-
tion implemented by the other single-qubit operation and KD
scattering, and (e) the final detection. In fact, steps (a) and (b)
are those for the initial state preparations of both the atomic
internal and external degrees of freedom.
Regarding (30) as the external initial state of atoms, the
single-qubit operation was performed to generate the desired
internal state, i.e., |g〉 → |Ai〉. After a duration of g0 coupling,
the postselection was performed on the atomic internal state,
resulting in state (22). Directly, putting the prepared state (30)
into Eq. (22), we have
|f〉 =〈As|A′i〉Vˆt
[
1 +
iAwg0t
2m~
(pˆ2 − 2mGˆ)
] ∞∑
n=−∞
φ(n)|n˜〉
⊗ |φy〉|φz〉 .
(32)
Under the approximation 〈n˜′|pˆ2x|n˜〉 = 〈n′|pˆ2x|n〉 ≈
(2n~k)2δn′,n, the probability of finding the momentum state
|n˜〉 is calculated as
Pn = Ps
|〈n˜|f〉|2
〈f |f〉 = |〈n˜|f〉|
2
= |〈As|A′i〉|2J2n
{
1− g0tA
i
w
m~
[
(2n~k)2 + 〈yz〉]
} (33)
Here, the postselection probability Ps is induced, i.e., our
statistics is based on the entire atomic ensemble. The term
〈yz〉 = 〈i|(pˆ2y + pˆ2z − 2mGˆ)|i〉 refers to y and z directional
motions. Its contribution for Eq. (33) is small because mo-
mentum uncertainties in the y and z directions were not en-
hanced. Due to the limited interaction time t, the contribution
from gravity could be also negligible. Therefore, Eq. (33) can
be reduced as
Pn = |〈As|A′i〉|2J2n(1− g0ωktn2Aiw) , (34)
by neglecting the term 〈yz〉, where ωk = 4~k2/m. The above
equation indicates that the imaginary part of the weak value
will change the momentum distribution of the post-selected
atoms. This provides us an alternative approach to measure
the parameter g0. As we mentioned earlier, the postselection
probability Ps is also an effective measurement for g0, if the
number N of the input atoms is precise. Similarly, by ne-
glecting the contribution from y- and z-directional motions,
we have
Ps = |〈As|A′i〉|2(1− g0ωktϑAiw) , (35)
which satisfies the normalized condition
∑∞
n=−∞ Pn = Ps.
The usefulness of the weak value is significant: it can am-
plify the g0 signal with the respective of backgrounds [i.e.,
the first terms in Eqs. (34) and (35)]. Generally, the out-
put of an atom-detector can be described by the equation
In = (N + ξs)Pn + (N + ξs)ξdPn + ε. Here, ξs is an uncer-
tainty of input atoms (namely, the source-noise), ξd denotes
the uncertainty of detection efficiency (such as the detector
saturation). In other words, ξd is the noise which is propor-
tional to the amount of received atoms. ε denotes the dark-
counting which is N + ξs independent. A single atom can
be easily observed by its resonance fluorescence, so that the
dark-counting ε is negligible. The main noises in the atomic
system are ξs and ξd. Using the weak-value amplification,
the background-induced noises, e.g., N |〈As|A′i〉|2ξd, will be
significantly suppressed.
Comparing to postselection probability Ps, the momentum
distribution Pn of the post-selected atoms is more useful for
suppressing the source-noise. One can use two detectors to
measure such a distribution, for example,
In
I0
=
(1 + ξ1d)Pn
(1 + ξ2d)P0
≈ (1 + ξ1d − ξ2d)
(
1− g0ωktn2Aiw
) J2n
J20
.
(36)
Where, the source-noise (and the term |〈As|A′i〉|2) has been
completely eliminated, and (1+ξ1d)/(1+ξ2d) ≈ 1+ξ1d−ξ2d
is due to the noises of two detectors (denoted by, respectively,
7ξ1d and ξ1d). The imaginary part of the weak value can be an
evidence for the coupling of |e〉〈e|p2. If there is no such cou-
pling (i.e., replacing |e〉〈e| by the unit operator 1ˆ), the weak
value Aiw = 0 and consequently the Eq. (36) is g0 indepen-
dent. In principle, when g0ωktn2Aiw > ξ1d, ξ2d, the signal of
g0 should be detectable.
Both Eq. (34) and (35) indicate g0ωkt is a very crucial
quantity for measuring the parameter g0. Such a quality de-
pends on k2, so that using the high-frequency light scattering
can significantly enhance the desired signal of g0. Of course,
g0t = ~ωt/(mc
2) is the most basic quality. Where, the in-
teraction duration t is limited within the coherent times of
the atomic qubit. Hence, the optical atomic clocks are per-
haps the good candidates for the relatively large g0t gain,
because they have the qualities of both large transition fre-
quency ω and long lifetime t [51–53]. Considering the usu-
ally used transition 1S0 −3 P1 of a calcium clock, the reso-
nant frequency and the lifetime of the excited state 3P1 are
respectively ω ≈ 4.6 × 1014 Hz and t ≈ 0.4 ms [51], such
that g0t ≈ 3.2 × 10−15 s. The relatively strong KD scat-
tering occurs at the transition 1S0 −1 P1 of calcium, and
where the wavelength of the driving light is on the order of
λ = 2pi/k ≈ 0.4 µm. Using these parameters, we have
ωk ≈ 1.6 MHz and g0ωkt ≈ 5 × 10−9. Considering a
KD scattering with η = 10, the probability for finding mo-
mentum |n = 10〉 is J210(η) ≈ 0.04. As a consequence,
g0ωktn
2Aiw ≈ 5×10−3 is obtained by selecting a large weak
value Aiw = 1 × 104. Such a signal may be detectable if
the noises ξ1d and ξ2d are smaller than 5 × 10−3. Note that,
the present weak measurement is also suitable for some other
scattering mechanisms, for example, preparing the atomic ini-
tial state with more large momentum uncertainty by the multi-
step scattering of lights. In principle, this will generate more
significant effects of g0 than the present one.
V. CONCLUSION
In this theoretical work, we proposed a weak value scheme
to measure the effect of mass-energy equivalence in the sys-
tem of coherent atoms. First, we reviewed briefly the principle
of quantum weak measurement and its usefulness in the weak
signal detections. Second, we presented an approach to derive
the dynamic evolution of an atom whose internal and external
degrees of freedom are coupled due to the mass-energy equiv-
alence. After a duration of such a coupling, the weak value is
obtained by post-selecting an atomic internal state. It is shown
that the imaginary part of the weak value can change the mo-
mentum distribution of the selected atoms. This allowed us to
measure the coupling of mass-energy equivalence in the mo-
mentum space of atoms. Third, we used the KD scattering to
prepare and post-select the atoms (with the help of two single-
qubit rotations). Preparing atomic momentum states by the
light-induced scattering is optimal for measuring the coupling
of |e〉〈e|pˆ2, because the scattering can generate a relatively
large momentum uncertainty of coherent atoms. Certainly,
observing the effect of this coupling is still difficult by using
even advanced optical atomic clocks. Under this situation, the
weak value would be useful. It can significantly amplify the
signals above the background noises, making the detection of
weak signals feasible. Finally, we hope the present studies
will encourage further studies on the detection of weak sig-
nals.
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